The purpose of this article is to characterize Minkowski general G-spaces. The unit sphere K is shown to have at most four components.
Assume the space R is not reducible. If K has one component, R is an ordinary Minkowski G-space. If K has two components they are quadrics and R is nearly pseudoeuclidean. When K has three components, one is a quadric and the other two are strictly convex. The unit sphere has four components only in dimension two.
The axioms of a general G-space have been given in [4] and the interesting two dimensional spaces have been investigated in [1] , We will denote the indefinite distance from x to y by xy. We refer to xy as a metric even though it is not in general a true metric. DEFINITION 
The general G-space R is called a Minkowski space if R is the real 7^-dimensional affine space
A n , the family of Arcs A consists of the affine segments and w = (l/2)(x + y) implies wx = wy = (l/2)xy.
If L r is an r-dimensional flat in R, then L r is an r-dimensional Minkowski space with the induced distance.
Let e(x, y) be an associated euclidean metrization of A n .
Then for each line L in R there is a number φ(L) such that xy = φ(L)e(x, y) for all x,yeL.
If φ(L) = 0, we call L a null line. The number φ(L) depends continuously on L and φ(L) = ΦiL,) if L 1 is parallel to L, see [1] , It follows that the affine translations preserve the distance xy.
Let z always denote the origin in A n .
We call C = {x | xz = 0} the light cone and K = {x | xz = 1} the unit sphere. If K is given the distance xy is uniquely determined.
For x Φ y let L(x, y) denote the line through x and y and let a(x, y) denote the affine segment from x to y. When S czA n define -S = {x\-xeS}.
IfS=-S the set S is called symmetric about z or simply symmetric. The sets C and K are symmetric.
Two general G-spaces R x and R 2 are said to be topologically isometric if there exists a topological map of R L onto R 2 that preserves the indefinite distance xy.
It is easily seen that if R γ and R 2 are Minkowski spaces defined on A n with unit spheres K and K* respectively, then R ι and R 2 are 30 JOHN K. BEEM topologically isometric if and only if there is an affinity mapping K onto if*. 2* Two dimensional spaces* If R is A 2 , then by [4, p. 241 ] one of the following must hold: (1) no null lines exist in R, (2) there is exactly one null line through each point of R, (3) there are exactly two null lines through each point of R, or (4) all lines in R are null.
In case (1) we call R a spacelike plane. By [4, p. 239 ], a spacelike plane is an ordinary Minkowski G-space with unit sphere a strictly convex closed curve.
In case (2) When R has exactly two null lines through each point it is called a doubly timelike (Minkowski) plane, see [1] . The unit sphere has four components each of which is strictly convex and not compact.
If all lines in R are null, we call R a null plane.
3* Reducible spaces* Let R be an ^-dimensional Minkowski space. Then R is reducible to R r x N n~r for r < n, provided affine coordinates x ί9 x 2 , , x n may be chosen such that (1) R r is given by x r+1 = x r+2 = = x n = 0 and N n~r is given by Xi = = % r = 0. (2) The projection of R onto R r preserves the metric xy. The maximum possible value of n -r is called the index of reducibility of R. A null plane has index 2 and a neutral plane index 1. Spacelike and doubly timelike planes are not reducible.
Nonreducible spaces often contain reducible subspaces. In the three dimensional Lorentz space any plane tangent to the light cone is neutral and hence reducible.
Given a line N the parallel to N through x will always be denoted by N x . Proof. If N is a line of reduction of R and L n~ι is a hyperplane with L n~ι n N = z, the projection of R onto L n~γ along parallels to N preserves the metric.
On the other hand if R is reducible to R r x N n~r any line N through z and in N n~r is a line of reduction of R. Proof. Assume the statement is false. Any two flat containing
, orient Lt in the same direction. This gives an ordering < on each line parallel to L (z, x) .
Let L + (t) be the oriented line containing x(t) and parallel to L + (z, x) . The line L + (t) is never a null line. In the ordering < along L + (t) let p(t) be the first element in {y I y e L + (t) and zy ~ 0}. Let f(t) be the signed euclidean distance from
The function f(t) is continuous at 0 and 1 since p(t) ~+z for t -• 0 and t -• 1. To show f(t) is continuous on (0, 1) let 0 < ί 0 < 1 and
and /(ί) is continuous. But then f(τ) = 0 for some 0 < τ < 1 which implies x(τ) = This is impossible since z&(τ) = 1 and zp(τ) = 0. 
To see that K x is strictly convex let x, y e K x . If LI is a two flat through x, y and z it must be doubly timelike since LI Π L 2 Φ φ. Then LI Π ULI is a strictly convex curve. It follows that u e a(x, y) -x -y implies zu > 1. Therefore, K x must be strictly convex.
If Kι is a component of K then so is -Ki. Consequently, if K has exactly three components there is always one, say iΓ 3 , that is symmetric about z.
Extend A 3 to the real three dimensional protective space P 3 by adding a plane Lt at CXD. The protective lines that the light cone C determine intersect LL in a curve C^. Let K have exactly three components. Since spacelike planes exist in this case, there is a line 
is doubly timelike and intersects K in four components. Two of these components lie on K 19 and the other two are subsets of K 2 and -K 2 . Since this holds for all θe [Q,π\,K can have at most three components. Therefore, K γ Φ -K ± if K has four components.
By the above, it must be possible to find at least two components K, and
Set iΓ 3 = -Ki and if 4 = -K 2 . Let y e K λ and let L 2 (ψ) be a two flat through L(z, y) that sweeps out A 3 continuously for 0 ^ f g π. It can be assumed without loss of generality that It is now possible to show K has at most, four components. If L\ is a two flat containing the above N either L\ is neutral or null.
If it is null, it intersects L 2 (τ) for 7 = 0 in a null line. If it is neutral, it intersects either K γ and K 3 or else K 2 and iΓ 4 . In any case it cannot contain a point of K not on
An immediate consequence is that if K has four components R = R 2 x JV where R 2 is a doubly timelike plane. Consider now the case of K having one component. If R has no null lines, then by [4, p. 239] it is a Minkowski G-space and K must be strictly convex. LEMMA The case where K has two components which are not opposed is discussed in Theorem 6.13 and additional information on the case of three components is found in Theorem 6.8. Proof. Let p lie on K 3 and in the plane x 3 = 0. For some a > 0 the point p lies on x\ + χ\ -χ\=z a 2 . We claim that the only hyperboloid of one sheet containing p that has C as light cone is x\ + x\ -x\ = a 2 . Since p is contained in exactly two planes tangent to C, the two lines on K 3 through p are determined. For any q on one of these two lines, the same argument yields that the two lines on K 3 through q are determined. It follows K 3 is determined by p and C.
Consider now n > 3 and extend A n to P n by adding a hyperplane Ll" 1 at CXD . Let the protective lines that contain the lines of the light cone C intersect LΞΓ 1 in a set C^. If R is nonreducible and K has three components, let L'Γ 1 be a supporting hyperplane to K λ . If L n~ι is the hyperplane parallel to
For p e Ll ι~" n K λ then the two flat U through p and N would be neutral or doubly timelike. It could not be neutral because of Lemma 6.3. It could not be doubly timelike since then N P would not be a supporting line of K λ .
Set L n -1 Π Ll~L = Ll~2 an n -2 dimensional flat. By taking Lr 2 as the n -2 flat at °o of LZ~L the set L^1 -L2Γ 2 becomes an n -1 dimensional affine space. Let x,y eC^ for x Φ y and let L\ be the two flat containing x, y and z. Then L\ Π A" is a doubly timelike plane. In the same manner as the argument after Lemma 5.1, we conclude C^ is a strictly convex n -2 dimensional surface in the space L2Γ 1 -LZ~2 LEMMA 6.6. C^ is an ellipsoid in L2Γ 1 -LZ~2.
Proof. Let Lt be a two flat in L^~ι with LL Π CL containing more than one point. Let U be the three flat containing z and Lt. Then L 3 Π A n is an indefinite metric space whose unit sphere has three components. By Theorem 5.2, LI Π CO, is an ellipse and hence by [2, p. 91 Proof. Using the same notation as in Lemma 6.9 define
If L 3 contains the x n axis then U π S = I/ 3 Π i^3. The result follows by letting U sweep out A n . In order to investigate nonreducible spaces in which K has two components, we first consider nondegenerate central quadrics that have z as a center. The general form in affine space is n X dijXiXj = 1 where a iά = a άi and det (α ίy ) Φ 0 .
If two such quadrics E γ and ^ are given respectively by are spacelike planes intersecting respectively K γ and K 2 . By Theorem 6.8, the set K Π £2345 cannot have exactly three components. Consequently, L2345 Γl K consists of two symmetric components. The same must also be true of Lt 235 Π K.
By Lemma 6.11 the sets Lt 234 Π K, Li 34δ Π -K" and Lί 235 Π K each consists of two quadrics. In each of the three sets one quadric is the semiconjugate of the other for some fixed λ. Define Then in proper affine coordinates y ly y 2 , y 3i y±, y 5 the components of K are given by y\ + y\ + 2/3 -v\ -vl = 1 and y\ + y\ + y\ -y\ -y\ = -λ 2 . This contradicts the assumption of Case 2.
The w dimensional case now follows using induction. 
